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1 Homework one: Calculate the elastic scattering kinematics

1.1 General Relativistic equations

For a particle of mass m with kinetic energy K and momentum P, the total energy F can be

expressed as

E>’=m’+P>’orE=m+ K

The magnitude of the momentum |P| can be calculated from the above two equations

m? + P2 = (m+ K)? = P? = (m+ K)? —m?
Using a? — b = (a — b)(a + b)

P = PP =[m+K)—m][(m+K)+m]=K(K +2m)
Therefore

P| = /K(K + 2m)

1.2 Electron side

The incident and outgoing electrons kinematics are (each with mass my)

Ei2nc = mz + P22nc Eine = me+ Kine
and
= mg + P2 Eout = me+ Kout

out

E2

out

From Eqgs. 5, one can express the momenta as a function of the kinetic energies:
{ mz + P'Lan = (me + Ki”C)Z { anc = (me + Ki”C)Z - mg
=

P2

out (me + Kout)2 —m?

€

mz + Pgut = (me + Kout)2

Pzznc = [(me + Kznc) - me][(me + K’mC) + me} = Kinc(Kinc + 2me)

Pgut = [(me + Kout) - me”(me + Kout) + me] = Kout(Kout + 2me)
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1.3 Elastic Collisions
1.3.1 Nuclei collisions

Let an incident electron of mass m, with 4-momentum (Fjp¢, Pine) impinging on a nucleus of mass
My with 4-momentum (E4,P4), leaving with a 4-momentum (Eyy, Poy) and the nucleus with
4-momentum (FE 4/, P /). Using the conservation of energy and momentum leads to:

Einc + EA = Eout + EA’
etA—e+A = (8)
Pinc + PA = Pout + PA’

with (from EqJl)

Eanc = ’I?’L + P12nc ) E124 = M.El + Pi&
(9)
Egut = ’I’I’L + Pout ; E,24’ = MEX + P2 !

Electrons kinematics From Eq. [§ one can express the energy and momentum of the nucleus
after the collision as (noting that in the laboratory frame, the target A is at rest: |P 4| = 0)

Ea = FEine — Eout + Ea Ea = FEine — Eout + Ma
= (10)
Py = Pipe—Pout +Pa Py = Pine—Pout
Ei/ = (Eznc — Fout + MA)2
= (11)
Pi/ - (Pmc - Pout)2
Expanding the expressions from Eq.
Ei, = (Emc - Eout)2 +2 (Emc - Eout) Ma + M124
(12)
P?éll = Panc = 2Pinc - Pout + Pzz)ut
Leading to
Pi/ + Mi = Ef?nc 2EinCEout + Egut +2 (Emc - Eout) MA + Mi
(13)

P2, = P2 —2|Pinc||Pout| cos© + P2,

wmc

Subtracting the two lines in Eq.

M— inc 2Emchut+Eout+2 (Einc — Eout) MA+M mc 2|Pm0||Pout|COS@+Pout) (14)

Canceling fo from both sides and expanding the last term

=0=F?

mc

2Einchut + Egut +2 (Eznc - Eout) MA P2

wmc

+ 2|Pine||Pout| cos © — P2 (15)

out

Probing nuclear sizes require energies around 100 MeV and beyond. Since the mass of the electron
is me = 0.511 MeV, one can neglect this mass in Eq. [5|at relativistic energies (8 = v/c = |P|/E >
05) Eine = Pine = Kine and Eout = Pout = Kout

=0 =K%, — 2KinKout + K2 4+ 2 (Kine — Kouwt) Mg — K7, + 2KineKous cos © — K2, (16)



Eliminating K2, and K2

¢ leads to

0= _2KincKout +2 (Kznc - Kout) MA + 2KincKout cos ©
which reduces to
KincKout(COS O — 1) + (Kznc - Kout) Ms=0

Noting that

cos?z + sin® x 1
cos?z —sin?x = cos2z

= 2sin’z =1 — cos 2z = —2sin’z = —1 + cos 2z
Replacing = by ©/2 gives
—25in?©/2 = cos© — 1

Substituting in Eq.

(17)

(18)

(19)

(20)

KincKout(_2 Sin2 @/2) + (Kznc - Kaut) MA =0= _2KincKout Sin2 @/2+ (ch - Kout) MA =0

(21)
Which can be re-written as
_2KincKout Sin2 @/2 + KincMA - KoutMA =0 (22)
= Kout (—2Kinesin? ©/2 — My) + KineMa =0
Dividing Eq. 22| by M4
Kout (—2Kinesin? ©/2 — Ma)  KipeMa 2K nesin? ©/2  MA
=0=-K _—— 4+ = Kine =0 (23
MA + MA out MA + M + mnc ( )
Hence one can solve for K,
QKMC sin2 @/2 . . Kinc
Kout (m + 1) = Kinc = Kout - <2K“w]5[in2 0/2 N 1) (24)
A
Or
Kinc
Kout = 25
out 1+%ﬂ:csin2@/2 (25)
Note that a similar expression can be extracted but solving for K.
K
Kinc = out (26)

1 — 2t sin® ©/2




Virtual photon kinematics The virtual photon transferred during the scattering process has
energy w, momentum q and mass Q2 which can be expressed as (following Eq.

w = Fine — Fout
q = Pinc - Pout (27)
Q? = -

Solving for @Q? and neglecting the electron mass m. (note that Q% < 0 since the virtual photon is
space-like)
Q2 = (Eznc - Eout)2 - (P’an - ]-:)out)2
= K2, —2KincKout + K2y — K2, + 2Kine Koyt cos © — K2,

wmc wmc

= _2KincKout + 2KincKout cos ©
= 2KincKout(cos© — 1) = 2K, K gt (—2sin% ©/2)

Which leads to
Q* = —4K;p Koy sin? ©/2 (29)
Solving for w using Eq.

(28)

2

—2Kine Kout 8in® ©/2 + (Kine — Koug) Mg = 0 = % +wMs =0 (30)
Re-arranging to obtain w

Q* —Q?

X — _wM = 31

5 wMyg = |w M, (31)
Solving for q using Eq.

a?> = (Pine — Pow)® = K2, — 2KineKout cos © + K2, (32)
Or

0= K2, — 2KincKous cos© + K2, (33)

1.3.2 Nucleon collisions or quasi-elastic scattering

Quasi-elastic scattering is an elastic scattering process when the electron penetrates the nucleus
and elastically scattered off a nucleon. Since nucleons are packed inside a tight volume (e.g., the
nucleus) they are not at rest and move at relativistic speeds: the scattering occurs with nucleons
having a momentum distribution centered around some mean value.

Let an incident electron of mass me with 4-momentum (Ej,., Pin.) impinging on a nucleon of
mass My with 4-momentum (Ey,Py), leaving with a 4-momentum (Eyy¢, Poyt) and the nucleon
with 4-momentum (Ey+, P 4/). Using the conservation of energy and momentum leads to:

Einc + EN = Eout + EN’
e+ N = +N = (34)
Pinc + PN = Pout + PN’
with
Ei2nc = mz + P?nc ) EJQV = MJQV + P?V
(35)
Egut = mg +Pc2)ut ; EJQV’ = MIQV + P2 /



Electrons kinematics Following the same procedure as in section [I.3.1] leads to

EJQV/ - (E'mc - Eout + EN)2
(36)
P?\/’/ == (Pmc - Pout + PN)2
Expanding the expressions from Eq.
E]2V/ - (Eznc - Eout>2 +2 (Emc - Eout) EN + Ejz\/'
(37)
P?\ﬂ = (Pmc - Pout)2 +2 (Pmc - Pout) : PN + P?\[
Therefore
P?\V + M]2\[ = E7,2nc — 2EincEout + Egut +2 (Einc - Eout) En + EJQ\[
(38)
P2, = P2 — 2P| [Pout] 05O + P2, + 2 (Pine — Pow) - Py + P2
Subtracting the two lines in Eq. [3§] leads to
M]2\/' - EZQHC - 2Einchut + Egut +2 (Eznc - Eout) EN + E?\/’ (39)
P%nc + 2|Pine||Pout| cos © — P2, — 2 (Pine — Pout) - Py — P?V
Consequently
MJZ\/ = (E7,2nc - P7,2nc) — 2EincEout + (Egut - Pgut) +2 (Emc - EOUt) En+ (EJQ\/' - P?\/) (40)
+ 2‘Pinc”Pout| cos© — 2 (Pmc - Pout) Py
%2\[/ = mz —2EincBoyt + mg +2 (E'mc - Eout) En +%/ (41)

+ 2|Pinc||Pout| cos©® — 2 (Pipe — Powr) - Py
Canceling MZQ\, from both sides and expanding the last term
0 = mZ — 2EincEout + m?2 + 2 (Eine — Eout) EN + 2|Pine||Pout| c0s© =2 (Pine — Powt) - Py (42)
Neglecting the mass of the electron as discussed in section [1.3.1
0=—-2KincKout + 2 (Kinc — Kout) EN + 2|Pinc||Pout| cos©® — 2 (Pipe — Powt) - Py (43)

Substituting w = Kjpe — Kour and q = Pjpe — Pow

0 = —2KjpcKout +2wEN + 2K Koyt cos© —2q - Py
= 2KincKout (cos® — 1) + 2wEN — 2q - Py (44)
= 4K Kousin?0/2 + 2wEN —2q - Py
- Q2+2wEN—2q-PN
Solving for w
Q*+2wEN —2q-Py = 0= 2wEy = Q? +2q- Py (45)
which gives
2
-P
2EN En




The mass of a nucleon My is of the order of 1 GeV (Mproton = 938 MeV and Myeutron = 939 MeV).

Making the approximation that |Py| < My, one is left with En ~ My. Therefore

o~ Q> q-Py
T 2My My

We can define the mean binding energy per nucleon € to be

q-Py Q>
=W
My w 2MN+E

g =

The energy transferred can be re-written as

Q2

where MYy, is the effective mass of a nucleon that includes nuclear effect.

Virtual photon kinematics They are similar to the ones define in section [I.3.1]

2 Homework 2: Form factor calculation

Assuming a known density for a homogeneous sphere with Z protons in a volume V = %WR3

Z/(37R3) forr <R
’OO(T){O forr > R

One can normalize the charge to 1

1/(37R%) forr <R
p(r){ 0 forr > R

The form factor F(q?) is defined as

sin(|q|r/h) 4
F(q? :47r/ r)——————=r7dr
(@) = am [ o) =5 2
Fron Eq[5]]
R sin r/h R sin r/h
F(q®) = 4 [, p(r)i‘ﬂﬁ‘/é )1 2dr = 47 Jo 7%73}23 7‘271‘/; Ly2dy
o 3 R sin(|q|r/h) 3 R sin(|q|r/h)
= Az by S = Jy e
Let define
h h
:M—)r:x—%dr:—dm
h la| [1

The limits of the integral become

r=0 — =0
la|R

r=R — Tpe=a=7-

(47)

(48)

(50)

(51)

(52)

(55)



Substituting in Eq. [53]

2
2 _ 3 rasinz (zh
F(q ) - R3 JO T <|q|> |
_ 3 @ sinz .2 (K ) h dax

R3JO 2z lq]
3
_ 3 [(asinz h
= wl 7 zz( ) dx
3
— 3 (h &g
= 73 (\ql) fo rsinx dr

The integral can be solved independently

/xsinx dr =sinx — xcosz
Substituting in Eq.

3
F(q?) = %(%) [sinx—xcosx]g

=1

lalR

= 3 (L)S [sina — acosa — (sin0 — 0 cos0)]

= 3 (é)3 [sina — acosa]

Therefore

lalr/h a3

i h
F(q2) — 4W/p(T)SHl(|(Wr2dT = i [Sina — (X COS OZ]

(57)

(58)
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